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ABSTRACT
We consider holography for d-dimensional scale invariant but non-Lorentz invariant field
theories, which do not admit the full Schro¨dinger symmetry group. We find new realizations
of the corresponding (d+1)-dimensional gravity duals, engineered with a variety of matter
Lagrangians, and their finite temperature generalizations. The thermodynamic properties of
the finite temperature backgrounds are precisely those expected for anisotropic, scale invari-
ant field theories. The brane and string theory realizations of such backgrounds are briefly
discussed, along with their holographic interpretation in terms of marginal but non Lorentz
invariant deformations of conformal field theories. We initiate discussion of holographic
renormalization in these backgrounds, and note that such systematic renormalization is
necessary to obtain the correct behavior of correlation functions.
1 Introduction
There has been considerable interest recently in studying holographic models for condensed
matter physics. Motivated by fermions at unitarity, Son suggested exploration of holo-
graphic duals to Galilean conformal field theories [1], and a number of subsequent papers
have discussed string theory realizations. Such theories can be defined in flat (D + 1)-
dimensional spacetime, with coordinates (t, xi) where i = 1, · · · ,D, and exhibit anisotropic
scale invariant behavior, namely invariance under the scale transformation D:
x→ λx; t→ ληt, (1.1)
where η is the dynamical exponent. More generally, one could consider scale invariant field
theories in which the spatial coordinates also scale anisotropically, and holographic back-
grounds with such symmetry will indeed be mentioned briefly here. Actually, for condensed
matter applications, one typically is interested in considering anisotropy between different
spatial dimensions.
In addition to the dilatation symmetry, the generic symmetry group will consist of time
translations H, spatial translations Pi and spatial rotations Mij . This symmetry algebra
closes on itself; the algebra also closes on the addition of a single special conformal transfor-
mation C. Addition of Galilean boosts Ki requires the further addition of a mass operator
M to close the algebra; the resulting symmetry group involving time translations, spatial
translations, spatial rotations, Galilean boosts, dilatation, special conformal transforma-
tion and mass operator is the Schro¨dinger symmetry group, which can be viewed as the
non-relativistic version of conformal symmetry.
Much interest has been focused on holographic duals of theories which admit the full
Schro¨dinger symmetry group [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21,
22, 23, 24, 25, 26]. To realize a theory with Schro¨dinger symmetry in D+1 dimensions holo-
graphically, it has been argued [1] that one needs a dual (D+3) dimensional geometry. As
usual, one extra dimension is needed in the geometric dual to realize renormalization group
flow, but in this case there is a further extra dimension needed to realize the Schro¨dinger
symmetry group, in particular, the Galilean boosts, special conformal transformation and
mass operator.
Suppose one is interested instead in theories which do not admit such Galilean boosts
or a mass operator, and therefore particle number is not conserved. Such theories have
a number of condensed matter applications, including optimally doped cuprates and non-
fermi liquid metals near heavy electron critical points, see for example the discussions in
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[27]. Motivated by observations of anisotropic scaling behavior, theoretical descriptions of
anisotropic quantum critical points have been explored, both in the free field limit and by
lattice techniques. A particular focus of these explorations has been on the observed spatial
locality of correlators at finite temperature and fixed time; such ultra-locality may underlie
certain experimental observations.
Given the diverse condensed matter applications, it would clearly be desirable to under-
stand strongly coupled anisotropic scale invariant theories better. Holography can poten-
tially provide a tool in this area, albeit with the usual caveat, that one can only access large
N theories that admit weakly curved holographic duals. From a theoretical perspective,
realizing holographic duals for such anisotropic but scale invariant theories would extend
the set of gravitational backgrounds which can be treated holographically, and this is an
important aim in itself. Even before moving to applications of such dualities, one would
like to understand how they can be embedding into string theory, and to acquire structural
evidence beyond the matching of specific quantities. The aim of this paper will be to take
a few modest steps in this direction.
In the case without conserved particle number it is possible to find a (D+2) dimensional
background which realizes the appropriate symmetries, and to engineer such a background
as a solution of a Lagrangian with reasonable matter fields, and this was done in [28].
The matter Lagrangian used in [28] and in subsequent generalizations [29, 30] used vector
and p-form fields coupled by Chern-Simons terms. Here we will demonstrate other choices
of matter Lagrangian which can be used to engineer the scale invariant anisotropic back-
grounds. The first, discussed in section 2, involves massive vector fields, and can be used
to engineer both spatial and temporal anisotropy, whilst the second, discussed in section 3,
uses a massless scalar coupled appropriately to a gauge field.
Both actions seem rather natural from a string theory perspective, although in this
paper we will only briefly discuss brane and string theory realizations. They also have com-
plimentary advantages. We present a finite temperature generalization of the anisotropic
background in section 3 as a solution of the second Lagrangian; the resulting black hole
solution has precisely the correct thermodynamic properties to correspond to an anisotropic
scale invariant theory at finite temperature and will allow for holographic explorations of
transport properties etc. By contrast, we have not found a finite temperature generaliza-
tion using the matter Lagrangian of section 2 (or indeed that of [28]); in section 5 we will
comment on the interpretation of the difficulty in finding such a solution.
On the other hand, the massive vector realization presented in section 2 has the advan-
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tage that there exists a limit in which the background is an infinitesimal deformation of
Anti-de Sitter. Therefore, one can interpret the anisotropic background in terms of defor-
mations of a relativistic conformal field theory; the required deformation turns out to be
marginal but non-Lorentz invariant, and we discuss this interpretation in section 4.
The matter Lagrangians used to engineer anisotropic scale invariant backgrounds are
rather natural and generic, and it is interesting to ask whether they can be obtained from
consistent truncations of string theory compactifications and whether there exists any nat-
ural brane interpretation. A complete answer to these questions is not yet known, but in
section 5 we will give various comments and suggestions about string theory realizations.
In the absence of a derivation of a holographic duality from a brane configuration, one
can obtain strong evidence that the duality exists if the bulk calculations reproduce the
same analytic structure as those in the non-relativistic conformal field theory. Matching
the (asymptotic) symmetries will automatically ensure that certain bulk quantities match
those of the boundary theory, but the matching of the structure of the bulk volume diver-
gences with the UV divergences of the field theory is a highly non-trivial test of the duality.
It goes far beyond matching specific quantities. In this paper we will initiate develop-
ment of holographic renormalization in these backgrounds, and in section 7 we discuss how
such systematic renormalization is necessary to obtain the correct behavior of correlation
functions. A companion paper [31] will develop holographic renormalization in detail for
non-relativistic backgrounds.
One of the main results of this paper is the finite temperature generalization of the
anisotropic scale invariant background. This background can be used to explore the usual
properties of interest, namely transport coefficients and phase structure. The latter is
briefly mentioned in section 3, but careful treatment of the former requires systematic
holographic renormalization, and will thus be left to [31]. A number of recent works have
explored aspects of holography for scale invariant anisotropic systems, see for example [32]
for a discussion of higher derivative corrections and [33] for new examples of anisotropic
but scale invariant gauge theories. The results in this paper should be of use in further
developing holography for such theories, particularly at finite temperature.
2 Backgrounds with anisotropic scale invariance: I
Let us consider metrics of the form
ds2 = dr2 +
d∑
i=1
e2αirηijdx
idxj , (2.1)
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such that the metric is AdSd+1 in domain wall coordinates when all αi = 1. The Ricci
tensor of the metric is given by:
Rrr = −
∑
i
α2i ; Rij = −ηije2αirαi
∑
k
αk. (2.2)
Thus the tangent frame Ricci tensor components are diagonal, constant and negative definite
when all the αi are positive. As already discussed in [28], such metrics have no curvature
singularities, since the curvature invariants are finite constants. However, the spacetime is
geodesically incomplete, and infalling particles can experience large tidal forces as r → −∞.
For these reasons, one might be concerned about trying to set up holography for such a
background. However, in this paper we will find that there exists a finite temperature gener-
alization of this background which has a regular horizon, and for which the thermodynamic
properties match those expected for an anisotropic scale invariant field theory. Moreover,
we will show in [31] that a precise holographic dictionary can be set up. This dictionary
implies that the volume divergences of such spacetimes have the same analytic structure as
those in a non-relativistic quantum field theory; in particular we will derive Ward identi-
ties for correlation functions which match those implied by non-relativistic scale invariance.
Furthermore, there are no ambiguities in the bulk calculation of correlation functions. All
calculations therefore reinforce the viewpoint that such backgrounds admit a sensible holo-
graphic interpretation.
Let us now turn to the question of how such a background can be engineered. In [28],
a four-dimensional anisotropic scale invariant background was engineered using an action
involving a two form and a three form field with a Chern-Simons coupling. Such an action
was argued to be rather generic in string theory, although no explicit brane realization or
embedding into ten-dimensions was given. Here we will consider other possibilities for the
matter needed to support such a background. Let us start by considering an action of the
form:
I =
1
16πGd+1
∫
dd+1x
√
g
(
R+ Λ− 14
∑
a
((F a)2 +m2a(A
a)2)
)
, (2.3)
where F amn ≡ (∂mAan − ∂nAam) are (Abelian) massive vector fields. The field equations are
then:
Rmn = − Λ
(d− 1)gmn +
1
4
∑
a
(
2(F a)mp(F
a) pn +m
2
a(A
a)m(A
a)n
)
− 1
4(d− 1)
∑
a
(F a)2gmn. (2.4)
Dm(F
a)mn = 12m
2
a(A
a)n.
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Next suppose that the vectors are:
(Aa)i = Aiδai eβir, (2.5)
with Ai constants. These satisfy the vector field equations provided that:
2βi(βi − αi +
∑
j 6=i
αj) = m
2
a. (2.6)
By further restricting βi = αi, the vectors contribute constant terms to the tangent frame
components of the Ricci tensor. Under this restriction,
2αi
∑
j 6=i
αj = m
2
a. (2.7)
The Einstein equations then become:
Rrr = − Λ
(d− 1) +
(d− 2)
2(d− 1)
∑
i
ηij(α
iAi)(αjAj); (2.8)
Rij = ηije
2αir
(
− Λ
(d− 1) −
1
2(d− 1)
∑
k
ηkl(α
kAk)(αlAl)
)
+δij(
1
2
(αiAi)2 + 1
4
m2aA2i )e2αir.
Before considering explicit solutions of these equations, let us note that for d = 4 with only
one vector field, this realization follows from integrating out the three form field of [28].
The action used in the latter was:
I =
∫
d4x
√
g(R +Λ− FmnFmn −HmnpHmnp)− 2c
∫
F ∧B, (2.9)
with H = dB and F = dA. The resulting equations of motion for the matter fields are:
d(∗F ) = −cH; d(∗H) = cF, (2.10)
which in turn implies that F is massive, i.e.
d(∗d(∗F ) + c2A) = 0. (2.11)
Integrating the three form out reduces the matter terms in the action to those of a massive
vector field. Both Chern-Simons couplings and massive vector fields generically arise in
string theory compactifications. Here we will find several advantages of engineering the
anisotropic backgrounds with massive vector fields, notably a natural holographic inter-
pretation as a deformation of a conformal field theory, and a possible relation to known
consistent truncations of spherical compactifications.
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2.1 One anisotropic direction
One can engineer a four-dimensional background of the form:
ds2 = dr2 + (−e2αrdt2 + e2βrdx · dx), (2.12)
by considering an action with only one massive vector, with m2 = 4αβ. The three indepen-
dent Einstein equations can then be consistently solved with At = Aeαr and
A2 = 2α−1(α− β); Λ = (α2 + αβ + 4β2). (2.13)
Thus the vector field is real provided that α ≥ β. Such solutions lift immediately to
analogous backgrounds in (d+ 1)-dimensions, with
Λ = α2 + (d− 2)αβ + (d− 1)2β2. (2.14)
and A unchanged.
2.2 Two anisotropic directions
One can also engineer a (d+ 1) dimensional background of the form:
ds2 = dr2 + (−e2αrdt2 + e2βrdx · dxd−2 + e2γrdy2), (2.15)
with two massive vector fields such that
A0t = Aeαr; A2y = Beγr, (2.16)
with masses satisfying (2.7) and
A2 = 2α−1(α− β); (2.17)
B2 = 2γ−1(β − γ);
Λ = α2 + γ2 + (d− 2)β(α + γ) + β2(d− 2)(d − 1).
The vector fields are real provided that α ≥ β ≥ γ ≥ 0.
2.3 General solution
More generally, one can engineer a (d+ 1)-dimensional background:
ds2 = dr2 +
(
−e2αrdt2 + e2βardxa · dxa
)
, (2.18)
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with a = 1, · · · , (d− 1) and α ≥ βa, βa ≥ βa+1 ≥ 0 using (d− 1) massive vector fields such
that:
A0t = Aeαr; Aaa = Baeβar, a ≥ 2, (2.19)
with masses satisfying (2.7) and
A2 = 2α−1(α− β1); (2.20)
B2a = 2β−1a (βa−1 − βa); a ≥ 2;
Λ = α2 +
∑
a
β2a + (d− 2)β21 + (d− 2)(αβ1 +
∑
a≥1
βaβa+1).
Clearly if any of the βa coincide the corresponding vector field A
a+1 vanishes. Note that
some of the βa can vanish. In this case, the corresponding vector fields are massless, and
the vector field is pure gauge.
As an aside, it is interesting to observe that such backgrounds are somewhat analogous
to (analytic continuations of) Kasner solutions. The metrics for the latter are:
ds2 = dr2 +
(
−r2αdt2 +
∑
a
r2βadxa · dxa
)
. (2.21)
The Ricci tensor components are:
Rrr =
1
r2
(
(α2 +
∑
a
β2a)− (α+
∑
a
βa)
)
; (2.22)
Rtt = −r2(α−1)α(α +
∑
a
βa − 1);
Rab = −δabr2(βa−1)βaα+
∑
a
βa − 1).
This is a solution of the vacuum Einstein equations provided that:
(α2 +
∑
a
β2a) = (α+
∑
a
βa) = 1, (2.23)
which are the same conditions as in the more familiar Kasner solutions. The scale invariant
backgrounds (2.18) have constant negative Ricci curvature everywhere, but there is geodesic
incompleteness as r → −∞. The analytically continued Kasner solutions have zero Ricci
curvature everywhere, but also have a timelike singularity at r = 0. It would be interesting
to explore whether there is billiard behavior in the Lorentzian Kasner solutions, and indeed
whether there is any analogous structure in the scale invariant backgrounds.
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2.4 Generalizations
One can immediately generalize the previous discussion to involve massive p-forms, instead
of vector fields. For example, consider the Lagrangian:
I =
1
16πGd+1
∫
dd+1x
√
g
(
R+ Λ− 1
6
(H23 +m
2B22)
)
, (2.24)
in which Hmnp = (∂mBnp+ · · · ). This Lagrangian allows the following metric as a solution:
ds2 = dr2 + e2αr(−dt2 + dy2) + e2rdx · dxd−2, (2.25)
provided that
Λ =
(
d2 + 3αd− 4d+ 4α2 − 8α+ 4) ; (2.26)
m2 = 6α(d − 2),
and the two form is
Btx = be
2αr; b2 =
(α − 1)
2α
. (2.27)
Such a background exists anisotropic scaling, with the dynamical exponents in the t and y
directions being the same. Clearly many further generalizations involving higher p-forms,
and combinations of such massive p-forms, should be possible.
3 Backgrounds with anisotropic scale invariance: II
Let us now consider a second type of matter Lagrangian that can be used to engineer
backgrounds with anisotropic scale invariance. One takes the matter to be a massless scalar
field, coupled to a gauge field:
I =
1
16πGd+1
∫
dd+1x
√
g
(
R+ Λ− 1
2
(∂φ)2 − 14eλφF 2
)
, (3.1)
The field equations are then
Rmn = − Λ
(d− 1)gmn +
1
2 (∂mφ)(∂nφ) +
1
4e
λφ (2FmpF
p
n )
− 1
4(d− 1)e
λφF 2gmn. (3.2)
Dm(e
λφFmn) = 0; 2φ = 14λe
λφF 2.
Then the metric:
ds2 = dr2 − e2αrdt2 + e2rdx · dxd−1, (3.3)
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can be engineered with the following dilaton and field strength:
Frt = fe
(α+d−1)r; eλφ = µe2(1−d)r ; (3.4)
λ2 = 2
d− 1
α− 1; Λ = (α+ d− 1)(α + d− 2);
µf2 = 2(α − 1)(α + d− 1).
When α = 1, the dilaton should be constant and the field strength vanishing; the limit
α → 1 is not smooth as the coupling λ of the dilaton to the gauge field diverges in this
limit. Reality of the dilaton coupling to the gauge field requires that α > 1; therefore one
engineers only theories in which there is critical slowing down, rather than speeding up.
Note that there is effectively a free parameter, µ, in this solution, which arises from the
shift symmetry of φ in the Lagrangian. In the case of α = 1, when the dilaton is constant,
the usual AdS/CFT dictionary relates the constant value of the dilaton to the coupling
constant in the dual theory. We will see in [31] that the dilaton here plays an analogous
role: it also sources a coupling constant in the dual theory. By contrast, the the gauge field
is fixed entirely by the metric and the scalar field, and does not source any operator in the
dual theory.
For α 6= 1, and fixing the parameters (Λ, λ) in the action so that the equations of motion
admit the anisotropic solution, there is also an AdSd+1 solution of the field equations such
that
ds2 = L2
(
dr2 + e2r(−dt2 + dx · dxd−1)
)
; (3.5)
L2 =
d(d− 1)
(d+ α− 1)(d + α− 2) .
with φ constant and F = 0. The corresponding finite temperature solution is
ds2 = L2
(
dr2
(1− m¯e−3r) + e
2r(−(1− m¯e−dr)dt2 + dx · dxd−1)
)
, (3.6)
with the horizon being located at
rh =
1
d
ln(m¯). (3.7)
It is also interesting to observe that there is a generalization to an anisotropic finite tem-
perature solution for this Lagrangian. Consider the metric:
ds2 =
dr2
(1−me−(α+d−1)r) − (1 −me
−(α+d−1)r)e2αrdt2 + e2rdx · dxd−1. (3.8)
This metric also satisfies the field equations, with the same field strength and dilaton as in
the zero temperature solution. This background has a regular horizon at rh with
rh =
1
(α+ d− 1) ln(m), (3.9)
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with the entropy being:
S = m
d−1
α+d−1
Vd−1
4Gd+1
, (3.10)
where Vd−1 is the volume of the transverse directions. The Hawking temperature is:
TH =
1
4π
(α+ d− 1)m αα+d−1 , (3.11)
and therefore the entropy can be rewritten as:
S =
Vd−1
4Gd+1
(
4π
(α+ d− 1)
) d−1
α
T
(d−1)
α
H . (3.12)
This expression is manifestly of the form expected for a relativistic conformal field theory
when α = 1. In the next section we will discuss how this matches with expectations for an
anisotropic scale invariant theory.
Note that the finite temperature solution (3.8) is not a solution to the equations of
motion following from (2.3). The metric (3.8) is static and preserves (d − 1)-dimensional
rotational and translational symmetry. The only ansatz for the massive vector field which
is consistent with these symmetries is At = At(r); Ar = Ar(r) and Ai = 0. The vector field
equation immediately sets Ar = 0, whilst the (t, t) and (i, i) components of the Einstein
equations imply that:
(At)
2 =
2
α
(α− 1)|gtt|; F 2 = −4α(α− 1). (3.13)
These constraints are however incompatible with the remaining Einstein equation, and the
vector field equation, except when m = 0. Thus a finite temperature (static, symmetric)
solution for this Lagrangian would need to take a different form; we will comment later in
section 5 on the possible reasons for this.
One can also compute the other thermodynamic parameters for the finite temperature
solution. The Euclidean action, including the Gibbons-Hawking boundary term, is:
IE = − 1
16πGd+1
∫
dd+1x
√
g
(
R+Λ− 1
2
(∂φ)2 − 14eλφF 2
)
− 1
8πGd+1
∫
ddx
√
hK. (3.14)
(Note that the electric field is imaginary when analytically continued to the Euclidean
section.) The onshell action for the finite temperature solution is then:
IE = −mVd−1βH
16πGd+1
. (3.15)
This can be evaluated either using background subtraction relative to the zero temperature
solution, or by anticipating the counterterm action which will be derived elsewhere [31]. In
the case at hand the only contributing counterterm is [31]:
Ict = (α+ d− 2) 1
8πGd+1
∫
ddx
√
h. (3.16)
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Note that there is no finite contribution to the action as m→ 0. The solution also carries
a conserved electric charge, which is given by
Qe =
1
32πGd+1
∫
eλφ(∗F ) = µf
32πGd+1
Vd, (3.17)
with the potential at the horizon being:
Φ = At(rh) =
fm
(α+ d− 1) . (3.18)
The mass is
M =
mVd−1(d− 1)
16πGd+1
. (3.19)
and thus one finds that
IE = β(M −QeΦ)− S, (3.20)
as one expects for the thermodynamic relation. Again the mass can be obtained either by
anticipating the expressions for the renormalized one point functions [31] or by subtraction
from the zero temperature background. In the latter method, one evaluates the Komar
integral
M = − 1
8πGd+1
∮
dSmnD
mkn, (3.21)
where k = ∂t, subtracting the zero temperature background to remove the infinite volume
divergence. One obtains precisely the same answer using the renormalized one point func-
tions; in this case, the one point functions for dual operators (T ,Tij) can be expressed in
terms of the coefficients in the asymptotic expansion of the metric as [31]:
〈T 〉 = 1
16πGd+1
(d+α−1)g(d+η)tt+· · · ; 〈Tij〉 =
1
16πGd+1
(d+α−1)g(d+η)ij+· · · , (3.22)
where the metric in Fefferman-Graham type coordinates is expanded as
ds2 =
dρ2
4ρ
+
1
ρ
(
dt2
ρη/2
(−1 + ρ d+η2 g(d+η)tt) + dxidxj(δij + ρ
d+η
2 g(d+η)ij) + · · ·
)
, (3.23)
and α = 1 + η. Note that in the case of η = 0 these expressions reduce to the expressions
given for asymptotically AdSd+1 spacetimes in [45]. The ellipses in (3.22) denote terms
non-linear in the sources; for the asymptotically AdSd+1 case these are given in [45], and
for the case of interest here they will be given in [31]. They do not, however, contribute in
the case at hand, where the sources are constant. Evaluating the expressions (3.22) for the
black hole solution, one finds that
〈T 〉 = m
16πGd+1
(d− 1); 〈Tij〉 = m
16πGd+1
δij . (3.24)
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Evaluating the mass gives
M =
∫
dd−1x〈T 〉 = m
16πGd+1
(d− 1)Vd−1. (3.25)
Note that there is a dilatation Ward identity relating the one point functions:
〈T 〉 = δij〈Tij〉, (3.26)
which as will be discussed in section 6 is the expected Ward identity for an anisotropic but
scale invariant theory.
It is interesting to explore possible phase transitions at finite temperature, as was done
in the AdS case in [34]. Here there is no interesting phase structure for the anisotropic black
brane relative to the thermal anisotropic background (i.e. the zero temperature background
with time compactified), as the latter has zero action. However, suppose one compares the
free energy of the anisotropic black brane background, with that of the finite temperature
AdS black brane, at the same temperature. The free energy F is given by IE = βF and is
F = − 1
16πGd+1
Vd−1(4π(α + d− 1))1+
d−1
α T
1+ d−1
α
H . (3.27)
Comparing the free energies between backgrounds with α 6= 1 and the α = 1 AdS back-
ground, one finds that the anisotropic background is favored at low temperature, with the
AdS background favored at high temperature. The critical temperature is:
Tc =
1
4π
(α+ d− 1) α+d−1(d−1)(α−1) d− dα(d−1)(α−1) , (3.28)
which for d = 3, α = 2 is:
Tc =
4
27π
. (3.29)
It would be interesting to investigate whether there exist any experimental results which
reflect such phase structure.
4 Anisotropic scale invariant deformations
Consider the case of a background with one anisotropic direction such that:
ds2 = dr2 + (−e2αrdt2 + e2rdx · dx), (4.1)
which is supported by a massive vector field of mass m2 = 2α(d − 1) such that
At = Aeαr; A2 = α− 1
2α
. (4.2)
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Now let us consider the case where α = 1 + η and expand in η:
ds2 = dr2 + (−e2r(1 + 2ηr + · · · )dt2 + e2rdx · dx); (4.3)
At =
√
η/2er(1 +O(η) +O(ηr));
m2 = 2(d − 1) +O(η).
Then to leading order in η the background is (d+1)-dimensional AdS space with a massive
vector field perturbation. Solving this vector field equation in the fixed AdS background
one finds that:
Ar = e
(ζ−−2)r(A(x, t) + · · · ) + e(ζ+−2)r(A˜(x, t) + · · · ); (4.4)
Aµ = e
ζ−r(Aµ(x, t) + · · · ) + eζ+r(A˜µ(x, t) + · · · ),
where the ellipses denote expansions in powers of e−2r, with
ζ− = 1; ζ+ = (1− d), (4.5)
and
A(x, t) =
1
(d− 1)∂µA
µ(x, t); A˜(x, t) = −∂µA˜µ(x, t). (4.6)
Then Aµ(x, t) is the source for the dual vector operator Oµ, which has (marginal) scaling
dimension d. At the linearized level, one can add marginal deformations to the conformal
field theory:
L → L+
∫
ddxaµOµ. (4.7)
Such a deformation is consistent with scale invariance, but breaks the d-dimensional Poincare´
symmetry. Comparing with the linearized solution, one sees that the dual conformal field
theory is in this case deformed by the marginal vector operator Ot, with the deformation
parameter being proportional to
√
η:
L → L+
∫
ddx
√
ηOt. (4.8)
This deformation preserves the symmetry group of the spatial directions. Generically such
a deformation will not preserve scale invariance to higher order in η; one would need to
demonstrate this explicitly. However, the fact that there exists dual backgrounds at finite η
which have scale invariance suggests that there indeed exist such anisotropic scale invariant
quantum field theories, related to the original CFTs by such deformations.
In the context of theN = 4 SYM duality, one can immediately identify possible marginal
vector deformations using the table related Kaluza-Klein supergravity modes to CFT oper-
ators reviewed in [35]. Indeed, already from the spectrum computed in [36], one sees that
14
the only vectors in AdS5 with the correct mass are those arising from coupled metric/five-
form fluctuations. Let gmn = g
o
mn + hmn where g
o
mn is the background AdS5 × S5 metric,
and let the four form potential be Cmnpq = C
o
mnpq + cmnpq, where C
o
mnpq is the background
value. Now consider vector fluctuations such that:
hµa = B
kIv
µ (x)Y
kIv
a (y); Cµabc = φ
kIv
µ (x)ǫabcdeD
d(Y kIv)e(y), (4.9)
where x and µ are AdS5 coordinates and indices respectively, with y and a S
5 coordinates
and indices. Here the Y kIva are vector spherical harmonics of degree k, which satisfy
∆Y kIv = −(k + 1)(k − 3)Y kIv k ≥ 1, (4.10)
where ∆ is the Hodge-de Rham operator and Iv denotes the residual SO(6) representation
labels. From [36] one sees that the combination
Bµ ≡ (BkIvµ − 4(k + 3)φkIvµ ) (4.11)
diagonalises the equations of motion and has mass in AdSd+1 (in our conventions) of
m2B = 2(k
2 − 1). (4.12)
Therefore the k = 2 modes, from the 64 representation of SO(6), are dual to marginal
vector operators. The corresponding SYM operators (see [35]) are
Tr(λλ¯X), (4.13)
where X denotes the six N = 4 SYM scalars and λ denotes the Weyl fermions. Whilst there
has been considerable exploration of (Lorentz invariant) marginal deformations of N = 4
SYM, such marginal but anisotropic deformations have not been discussed. It would be
interesting to explore such deformations perturbatively, and check whether the deformation
remains marginal to next order in the perturbation parameter η.
Now let us turn to the case where the matter sector consists of the massless scalar
coupled to a gauge field. As mentioned already in (3.5), this Lagrangian admits an AdSd+1
solution, with the massless scalar and gauge field corresponding to a marginal scalar operator
and global currents of dimension (d − 1) respectively, in the dual d-dimensional CFT. The
coupling λ in the Lagrangian (3.1) will determine the three point function between these
operators. The same Lagrangian also admits the anisotropic scale invariant solution (3.3),
and one might wonder whether one can interpret the dual theory as a deformation of a CFT,
along the lines of the arguments given above. However, in this case, the limit α → 1 is
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not smooth, so one cannot expand perturbatively about α = 1. Without a small expansion
parameter, one cannot interpret (3.3) in terms of a linearized deformation of a conformally
invariant background. The anisotropic solution (3.3) can presumably be interpreted in terms
of a non-linear deformation of a conformally invariant background, and this interpretation
might become clearer if one identifies a string realization of this Lagrangian.
5 Embedding into string theory
In this section we will discuss supergravity and brane realizations of these anisotropic scale-
invariant backgrounds.
5.1 Supergravity realizations
We have realized anisotropic scale invariant backgrounds as solutions of an Einstein action
with a cosmological constant and a matter content consisting of massive p-form fields or
a massless scalar coupled to a gauge field. One would like to find cases where actions
of this type can be obtained from consistent truncations of reductions of ten-dimensional
supergravity equations; any such examples should have a natural string theory embedding,
and possibly a brane interpretation.
Let us begin with the action involving a massive vector field (2.3). Such an action
was already used in [1] to engineer backgrounds exhibiting Schro¨dinger symmetry. These
backgrounds were later embedded into ten-dimensional supergravity in [9], where consistent
sphere reductions retaining massive vector fields were presented. It might seem as though
the five-dimensional backgrounds of interest here can also be embedded into ten-dimensional
supergravity, using this reduction. This is unfortunately not the case, the principle reason
being that the vector field used here is timelike (with F 2 6= 0) whilst in the Schro¨dinger
examples the vector field was null. To illustrate this, let us consider one of the consistent
truncations given in [9]:
I5 =
1
16πG5
∫
d5x
√
g
(
R+ 24e−u−4v − 4e−6u−4v − 8e−10v − 5∂u∂u− ∂v∂v (5.1)
−1
2
∂Φ∂Φ− e−Φ+4u+vFabF ab − 4e−Φ−2u−3vAaAa
)
This Lagrangian admits an AdS5 vacuum solution in which all three scalar fields and the
vector field are zero; with respect to this vacuum the field Φ is massless, with the fields
(u, v,Aa) all massive. Since the Lagrangian contains a mass term for the vector, and a
potential, one might think that the scale invariant anisotropic solutions of interest here can
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solve the equations of motions, with only the vector and metric non-zero. This however is
inconsistent with the scalar equations of motion:
2Φ = −1
4
e−Φ+4u+vFabF
ab − 4e−Φ−2u−3vAaAa; (5.2)
102u = 24(e−u−4v − e−6u−4v) + e−Φ+4u+vFabF ab − 8e−Φ−2u−3vAaAa;
152v = 16(6e−u−4v − e−6u−4v − 5e−10v) + 1
4
e−Φ+4u+vFabF
ab − 12e−Φ−2u−3vAaAa.
These equations do not admit solutions in which Φ = u = v = 0, with FabF
ab and AaA
a neg-
ative constants. By contrast, the scalar equations could be trivially solved in the Schro¨dinger
examples at zero temperature as the vector field was null: FabF
ab = AaA
a = 0. In the finite
temperature Schro¨dinger backgrounds, the scalar field profiles are however non-trivial [9].
Note also that the truncations given in [9] involve massive vectors dual to vector opera-
tors of dimension ∆ = 2+
√
3 and ∆ = 2+
√
5, i.e. relevant and irrelevant operators rather
than the marginal operator of interest here. It seems reasonable to postulate that there exist
analogous consistent truncations which retain the vector fields dual to marginal operators,
perhaps along with appropriate scalars. Recall also that we did not find a finite temperature
generalization using the massive vector Lagrangian; perhaps, as in the Schro¨dinger case,
one also needs to excite a non-trivial scalar field profile in the finite temperature solution.
Now let us turn our attention to the other Lagrangian (3.1) involving a massless scalar
coupled to a gauge field:
I =
1
16piGd+1
∫
dd+1x
√
g
(
R+ Λ− 1
2
(∂φ)2 − 1
4
eλφF 2
)
. (5.3)
Again at first sight one might think that such a Lagrangian could easily be obtained from
well-known consistent truncations of string compactifications. For example, when Λ =
0, and for specific choices of λ, this Lagrangian is a truncation of a toroidal reduction
of Einstein gravity. For φ = F = 0, the Lagrangian can be obtained from consistent
truncations of sphere reductions. The complete Lagrangian is superficially similar to a
truncation of a gauged supergravity theory, but there is one key difference. In the latter,
the constant cosmological constant is replaced by a scalar potential:
Ig =
1
16piGd+1
∫
dd+1x
√
g
(
R+ V (φ)− 1
2
(∂φ)2 − 1
4
eλφF 2
)
, (5.4)
with V ′(φ) 6= 0. The scalar field equation is therefore modified to:
2φ = −V ′(φ) + λ
4
eλφF 2. (5.5)
The background of interest here is not a solution of these field equations, as V ′(φ) in a
gauged supergravity theory is non-vanishing for any linear dilaton profile. Note also that
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typically in gauged supergravity theory the scalars coupling to the gauge field are massive
in the AdS vacuum, which is not the behavior in the Lagrangian given above. At the same
time, we found finite temperature generalizations solving these equations of motion, which
had the expected thermodynamic properties, and thus the idea that such Lagrangians can
be obtained from consistent truncations is quite compelling.
5.2 Supersymmetry
One might also wonder whether the gravitational backgrounds can be supersymmetric, and
thence stable. Even without an explicit embedding, it seems likely that the backgrounds
can be embedded into a supersymmetric theory. A simple argument is the following. The
symmetry group of the d-dimensional field theory consists of the dilatation symmetry D,
time translations H, spatial translations Pi and spatial rotations Mij , satisfied standard
commutation relations with the dilatation acting as:
[D,H] = −iαH; [D,Pi] = −iPi. (5.6)
One can then ask whether this symmetry algebra can be extended into a supersymmetry
algebra; for definiteness let us focus on the case of d = 3. Using a Majorana representation
for the gamma matrices such that γ0 = −iσ2; γ1 = σ3 and γ2 = σ1, Majorana spinors can
be expressed as
Q =

 q
−iq∗

 . (5.7)
Then one can extend the symmetry algebra into symmetry algebra by the addition of a
complex supercharge q satisfying:
[J , q] = i
2
q; [D, q] = − i
2
αq; {q, q∗} = H, (5.8)
where J ≡M12 and all other commutators involving the supercharge are trivial. In the case
that the dynamical exponent α = 2, this superalgebra is a subalgebra of a super-Schro¨dinger
algebra. Indeed, more generally, there has been considerable work on Schro¨dinger super-
algebras, see [38, 39, 37, 5, 19, 20], and these superalgebras generically admit subalgebras
of the type of interest here, in which there is no superconformal supersymmetry genera-
tor or special conformal transformation. Therefore, we would anticipate that backgrounds
with anisotropic scale invariance can be supersymmetrized, and can be found within the
framework of supersymmetric classifications. Namely, one could consider classifications of
supersymmetric solutions such as that given for minimal five-dimensional supergravity in
[40], make an appropriate anisotropic ansatz, and look for possible solutions.
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5.3 Brane realizations
By now the holographic realization of Schro¨dinger symmetry is rather well understood, in
terms of Melvin or TsT transformations of known dualities, see for example [7, 9, 15, 21, 22,
23, 24]. One would anticipate that the geometries of interest here can also be engineered
with branes and one avenue to explore has already been mentioned: the anisotropic and
marginal deformations of conformal field theories could correspond to placing D3-branes
in a non-trivial background in which Lorentz invariance has been broken. Another avenue
which seems interesting (but as yet not yielded a concrete implementation) is the following.
The string frame metric for a stack of Dp-branes is given by:
ds2 = H−1/2dx · dxp+1 +H1/2dy · dy9−p, (5.9)
where H(y) is a harmonic function in the (9 − p) transverse directions y. Supersymmetric
brane intersections are constructed according to the standard rules; now suppose that one
has an intersection in which the metric was
ds2 = −(h1h2h3h4)−1/2dt2 + (h1h2h3)−1/2(h4)1/2dx · dx2 + (h1h2h3h4)1/2ds2(R3)
+(h1h2)
−1/2(h3h4)
1/2dy · dy2 ++(h1h3)−1/2(h2h4)1/2dz · dz2, (5.10)
with all four functions ha being harmonic and single centered in R
3, i.e. ha = (1 + qa/r).
Taking the decoupling limit via r → 0 by construction gives rise to a background with
anisotropic scale invariance:
ds2 =
√
q1q2q3q4
(
−r2dtˆ2 + rdxˆ · dxˆ2 + dr
2
r2
)
(5.11)
+
√
q3q4√
q1q2
dy · dy2 +
√
q2q4√
q1q3
dz · dz2,
where (tˆ, xˆ) are related to (t, x) by constant rescalings. This observation motivates the
idea that anisotropic scale invariant geometries can be obtained by decoupling limits of
intersecting brane systems. However, the actual intersection (5.10) used above is not one
that actually occurs according to the standard supersymmetric intersection rules. The
metric describes D6-branes intersecting two types of D4-branes over four spatial directions,
and D0-branes over time; whilst the D4-branes and D0-branes are mutually supersymmetric,
the D6-branes are not. It would clearly be interesting to find an explicit example of a
supersymmetric brane intersection which admits a decoupling limit that gives an anisotropic
scale invariant geometry.
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6 Field theories with anisotropic scale invariance
Let us consider a d-dimensional field theory with anisotropic scale invariance, i.e. it is
invariant under scale transformations such that t → λαt and xi → λαixi. The coefficients
(α,αi) are the dynamical exponents, and for the most part we will be interested in the
case where all αi = 1, and thus the theory is also invariant under the (d − 1)-dimensional
Euclidean group. A simple model with this type of scale invariance (with α = 2) is the
Lifshitz theory:
I =
∫
dtd2x
(
(∂tΦ)
2 − κ(∂2Φ)2) . (6.1)
This theory is known to have a line of fixed points parameterized by κ and arises at a number
of finite temperature critical points in condensed matter systems. In this section we will
discuss how anisotropic scale invariance constrains correlation functions, Ward identities
and thermodynamic properties.
The entropy of the field theory should behave extensively in the volume of the (d− 1)-
dimensional space, and therefore the entropy at finite temperature TH must scale as
S = c(g2, · · · )Vd−1T
(d−1)
α
H , (6.2)
where g is the dimensionless coupling, the ellipses denote all additional dimensionless pa-
rameters (such as the rank of the gauge group) and c(g2, · · · ) denotes an arbitrary function
of these dimensionless parameters.
Non-relativistic scale invariance is substantially less restrictive for the two point func-
tions. Two point functions of operators of scaling dimension ∆ behave as:
〈O(t, x)O(t′, x′)〉 = f( |x− x
′|2
(t− t′) , g
2, · · · ) 1|x− x′|2∆ , (6.3)
where the ellipses again denote additional dimensionless parameters and f( |x−x
′|2
(t−t′) , g
2, · · · ) is
an arbitrary function of these dimensionless variables. Time and space translation invariance
imply that the correlation function depends only on |x− x′| and (t− t′). In particular, this
means that correlators can in principle admit ultra-local contributions, localized in space or
time, and such behavior is of interest in explaining certain condensed matter observations
[27].
Whilst the anisotropic scale invariance leaves considerable freedom in the correlation
functions, it implies Ward identities for the correlation functions. To derive such relations,
one needs to understand how the scale invariant action is coupled to background sources.
Let us begin by considering the Lifshitz model, and coupling it to a background diagonal
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metric via:
I =
∫
dtd2x
√
fh
(
f−1(∂tΦ)
2 − κ(hijDi∂jΦ)2
)
. (6.4)
This Lagrangian is invariant under Weyl transformations such that:
f → e4σf ; hij → e2σhij . (6.5)
Let us now define operators such that:
T = − 2√
fh
δI
δ
√
f
; Tij = 2√
fh
δI
δhij
. (6.6)
These are given by:
T = 2 (f−1(∂tΦ)2 + κ(hijDi∂jΦ)2) ; (6.7)
Tij = 4κ(hklDk∂lΦ)Di∂jΦ+ hij(f−1(∂tΦ)2 − κ(hijDi∂jΦ)2).
These clearly satisfy the trace Ward identity:
(T − T ii ) = 0, (6.8)
in agreement with the result given earlier in section 3; note however that in general this
identity picks up a conformal anomaly. A more detailed treatment of the Ward identities
implied by the anisotropic scale invariance will be given in [31], along with the complete
dictionary between these field theory operators and the bulk fields.
7 Holographic renormalization: scalars in a fixed background
Both to test and to use the conjectured holographic duality, one needs to set up a precise
holographic dictionary. As usual, one takes the defining holographic relation (at low en-
ergy) to be that the onshell action with fixed boundary conditions φA(0) for bulk fields φ
A
acts as the generating functional for connected correlation functions of the dual operators
OφA in the presence of sources φA(0) [41, 42]. To render this definition well-defined, one
needs to treat systematically the volume divergences of the bulk action, via holographic
renormalization [43, 44, 45, 46, 47, 48, 49]. The matching of the analytic structure of these
divergences with the UV divergences of the dual theory provides strong structural evidence
for the conjectured duality. As a warmup case, it is useful to consider scalar field pertur-
bations in the fixed background, and the corresponding correlation functions of the dual
scalar operators. Systematic holographic renormalization is necessary to obtain the correct
correlation functions, and we will now proceed to develop this. Note that earlier discussions
of anisotropic holography may be found in [50, 51].
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7.1 Regular solutions for scalar fields
Consider again the simplest non-relativistic background, in which the (D + 2)-dimensional
metric is
ds2 =
1
u2
(
dt2
u2η
+ du2 + dx · dxD
)
. (7.1)
Here we analytically continue to the Euclidean, since in this section we will be interested in
computing correlation functions. Now consider a free massive scalar field in this background,
with action
I =
1
2
∫
dD+2x
√
g(gmn∂mφ∂nφ+M
2φ2). (7.2)
The field equation can be written as:
uD+η∂u(u
−(D+η)∂uφ) + (u
2η∂2t +2D)φ−
M2
u2
φ = 0. (7.3)
Here 2D is the Laplacian in the flat metric on R
D. Fourier transforming in both the time
and RD directions, the equation for φ(ω, k) becomes:
uD+η∂u(u
−(D+η)∂uφ˜)− (u2ηω2 + k2)φ˜− M
2
u2
φ(ω, k) = 0. (7.4)
In the massless case, the solution which is regular everywhere is:
φ = φ(0)(ω, k)e
− 1
2
ωx2U
(
k2 + ω(1−D − η)
4ω
,
1
2
(1−D − η), ωx2
)
, (7.5)
where U(a, b, x) is the Kummer function, normalized such that U(a, b, 0) = 1, and φ(0)(ω, k)
is arbitrary. In the massive case, the regular solution is (see also [28]):
φ = φ(0)(ω, k)e
− 1
2
ωx2x2cU(a, b, ωx2); (7.6)
a =
1
2
− 1
4
√
(1 +D + η)2 + 4M2 +
k2
4ω
;
b = 1− 1
2
√
(1 +D + η)2 + 4M2L2; c = 14(1 +D + η)− 14
√
(1 +D + η)2 + 4M2,
where we assume that 4M2 ≥ −(1+D+η)2; one would anticipate that the latter corresponds
to the Breitenlohner-Freedman bound for this case.
The two point functions for the dual operators were calculated in [28] by evaluating
the onshell action, retaining only the finite term, and then functionally differentiating with
respect to the source. Such a procedure of removing the infinities is inconsistent, and in
general gives the wrong answer: in most cases, the one point function of an operator is not
simply the normalisable mode of the dual field, but terms non-linear in the sources can con-
tribute also. Here we will derive renormalized one point functions for the operator dual to
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the free scalar fields. We will proceed using the standard principles of holographic renormal-
ization [49]: we derive the general asymptotic solution to the field equations, parameterize
the volume divergences of the onshell action, introduce local counterterms and then obtain
the renormalized one point function by functionally differentiating the renormalized action.
7.2 Asymptotic expansion
Let us begin by considering the general asymptotic expansion of solutions to the scalar field
equation; these can be written, as in AdSD+2, as
φ = u∆−(φ(0)(t, x) + · · · ) + u∆+(φ˜(0)(t, x) + · · · ), (7.7)
where ∆± are the two roots of
∆(∆−D − 1− η) =M2, (7.8)
and ∆+ > ∆−, ∆+ = ∆−+
√
(D + 1 + η)2 + 4M2. As usual, there are special cases where
the roots are degenerate, namely when 4M2 = −(D+1+ η)2, and thus the second solution
is logarithmic:
φ = u∆
(
φ(0)(t, x) + · · ·+ ln(u)(φ˜(0)(t, x) + · · · )
)
. (7.9)
Let us restrict to cases where the roots are not degenerate, as generalizing to the other cases
is straightforward. In particular, note that in the massless case the normalizable mode scales
with dimension (D + 1 + η); one would therefore anticipate that the corresponding dual
operator is of this scaling dimension.
Asymptotically expanding the general solution to the field equation, one finds that the
solution takes the form:
φ = u∆−φ(t, x, u) + u∆+ φ˜(t, x, u); (7.10)
φ = u∆−
(
φ(0)(t, x) + u
2φ(2)(t, x) + · · ·
)
+ u∆+(φ˜(0)(t, x) + · · · ).
Recall that η ≥ 0; the expansions depend on whether η is an integer or a ratio of integers
or not. In all cases, the first subleading term in the expansion satisfies the equation:
(∆− + 2)(∆− −D + 1− η)φ(2) −M2φ(2) +2Dφ(0) = 0. (7.11)
Now consider the case that 0 < η < 1: then the subsequent terms in the expansion are:
φ(t, x, u) = φ(0)(t, x) + u
2φ(2)(t, x) + u
2+2ηφ(2+2η)(t, x) + u
2+4ηφ(2+4η)(t, x) + · · ·
+u4φ(4)(t, x) + · · · . (7.12)
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Here one finds that
(∆− + 2 + 2η)(∆− + 1 + η −D)φ(2+2η) + ∂2t φ(0) = 0, (7.13)
For 1/2 < η < 1 the next term in the expansion is at order u4 and is determined by:
(∆− + 4)(∆− + 3− η −D)φ(4) −M2φ(4) +2Dφ(2) = 0.
The subsequent terms in the expansion in this case will be at order (u2+4η , u6, u2+6η) etc.
For η < 1/2, the ordering of the terms in the expansion is different. Note that when η = 1,
the expansion is of the form:
φ(t, x, u) = φ(0)(t, x) + u
2φ(2)(t, x) + u
4φ(4)(t, x) + · · · , (7.14)
with
(∆− + 4)(∆− + 2−D)φ(4) −M2φ(4) + ∂2t φ(0) +2Dφ(2) = 0. (7.15)
Clearly there will be special cases for particular choices of (D,M); for example, when D = 2
and M = 0 one needs a logarithmic term:
φ(t, x, u) = φ(0)(t, x) + u
2φ(2)(t, x) + u
4 ln(u)φl(4)(t, x) + · · · , (7.16)
with
4φl(4)(t, x) + ∂
2
t φ(0) +2Dφ(2) = 0. (7.17)
More generally, it is straightforward to see when logarithmic terms, related to conformal
anomalies, will arise in the expansion. In AdS/CFT conformal anomalies for the scalars
arise whenever (∆+ − ∆−) is an even integer. However, from the asymptotic expansion
given here, it is clear there will also be conformal anomalies when (∆+−∆−) a multiple of
2η, i.e. when
∆+ −∆− =
√
(D + 1 + η)2 + 4M2 = 2(k + lη), (7.18)
where (k, l) are integers. In particular for the massless case there are conformal anomalies
when
η =
(D + 1− 2k)
(2l − 1) , (7.19)
so that for D even η is a ratio of odd integers, and for D odd η should be a quotient of an
even number by an odd number. Whilst the details of the expansions therefore depend on
the case of interest, in all cases the asymptotic expansions are determined locally in terms
of the independent non-normalizable and normalizable modes (φ(0), φ˜(0)).
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7.3 Renormalized action and one point functions
Let us consider the renormalization of the onshell action. The details of the analysis will
differ depending on the dimension, mass and the specific value of η, but the defining prin-
ciples are the same in every case. Consider first the case of a massless scalar. The onshell
action, regulated at u = ǫ, is given by:
I =
∫
dD+2x(
√
gφn · φ)u=ǫ =
∫
dDxdt(
1
uD+η
φ∂uφ)u=ǫ. (7.20)
Evaluating this using the asymptotic expansions given above (for η ≤ 1) leads to:
I =
∫
dD+1x
[
1
ǫD+η−1
(
2φ(0)φ(2) + 2(1 + η)ǫ
2ηφ(0)φ(2+2η) + 2ǫ
2φ2(2) (7.21)
+ǫ2(4 ln(ǫ) + 1)φ(0)φ
l
(4) + · · ·
)
+ (D + 1 + η)φ(0)φ˜(0) + · · ·
]
.
Given that the expansion coefficients φ(2n) can be locally expressed in terms of φ(0), the
divergent terms can manifestly be expressed locally in terms of the field φ. Clearly how-
ever the divergences cannot be removed by local counterterms which are covariant in
(D+1)-dimensions. Instead, one should require that the counterterms respect appropriate
anisotropic covariance. Note that the asymptotic expansions and regulated actions even
in these very simple examples are already rather complicated, as the expansion is in both
integral powers of u, and in powers of uη. In systematically developing holography for these
cases, it is therefore important to exploit the more powerful Hamiltonian formalism [52, 53].
Let us now give the counterterms and renormalized one point functions in two specific
but representative cases: D = 2 with 1/2 < η < 1 (and thus not a ratio of odd integers)
and η = 1 respectively. In the first case appropriate counterterms are
Ict = −
∫
d3x
√
h
(
1
(η + 1)
φ2φ+
1
(1− η)φD
t∂tφ
)
, (7.22)
and thus the renormalized one point function for the operator Oη dual to φ is
〈Oη〉 ≡ δIren
δφ(0)
= (3 + η)φ˜(0). (7.23)
In the second case one needs in addition logarithmic counterterms so that
Ict = −
∫
d3x
√
h
(
1
2
φ2φ+ ln(ǫ)(φDt∂tφ+
1
42
2φ)
)
, (7.24)
and the renormalized one point function for the operator O1 dual to φ is
〈O1〉 ≡ δIren
δφ(0)
= 4φ˜(0) −
3
8
2
2φ(0) −
1
2
Dt∂tφ(0). (7.25)
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Note that the expressions given in [28] correspond to retaining only the term linear in
the normalizable mode, and not the terms involving the source (non-normalizable mode).
These additional terms contribute contribute contact terms to the higher point functions;
if we are interested in whether the correlation functions admit ultra-local behavior at finite
temperature, in general, we should keep track of all such local terms.
One can next compute the two point functions, using the expressions for the exact,
regular solutions; in both cases the result agrees with the expectations given the anisotropic
scale invariance. In the first case one finds:
〈Oη(ω, k)Oη(−ω,−k)〉 = −(3 + η)ω(3+η)/2
Γ[−12(3 + η)]Γ[ k
2
4ω +
(5+η)
4 ]
Γ[12(3 + η)]Γ[
k2
4ω − 14(1 + η)]
. (7.26)
In the second case the expression is rather more complicated. The asymptotic expansion of
the regular solution is:
φ(ω, k) = φ(0)(ω, k)e
− 1
2
ωu2U
(
k2 − 2ω
4ω
,−1, ωu2
)
;
= φ(0)(ω, k)
(
1− k
2
4
u2 + (3k4 − 20ω2 + 2γ(4ω2k4))u
4
64
(7.27)
+
u4
64
(8k2ω + (4ω2 − k4) ln(ω2u4) + 2(4ω2 − k4)ψ(3
2
+
k2
4ω
)) + · · ·
)
.
where ψ(x) = Γ′(x)/Γ(x) is the digamma function and γ is the Euler-Mascheroni constant.
From this expression one can determine that
φ˜(0) =
1
64
φ(0)
(
3k4 − 20ω2 + 2γ(4ω2k4) + 8k2ω (7.28)
+(4ω2 − k4) ln(ω2) + 2(4ω2 − k4)ψ(3
2
+
k2
4ω
)
)
,
and thus that the two point function is:
〈O1(ω, k)O1(−ω,−k)〉 = − 1
16
(
3k4 − 20ω2 + 2γ(4ω2k4) + 8k2ω + (4ω2 − k4) ln(ω2)
+2(4ω2 − k4)ψ(3
2
+
k2
4ω
)
)
+
3
8
k4 − ω
2
2
. (7.29)
This expression differs from that given in [28], only by the contact terms.
Next let us consider the case of a massive scalar; for simplicity let us again restrict
to D = 2 and 1/2 < η < 1 with the mass not taking the special values given in (7.18).
Repeating the same steps as before, the regulated onshell action is:
I =
∫
d3x
[
1
ǫ3+η−2∆−
(
∆−φ
2
(0) + 2(1 + ∆−)ǫ
2φ(0)φ(2) + 2(1 + η +∆−)ǫ
2+2ηφ(0)φ(2+2η) + · · ·
)
+(D + 1 + η)φ(0)φ˜(0) + · · ·
]
. (7.30)
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Appropriate counterterms are
Ict = −
∫
d3x
√
h
(
∆−φ
2 + a1φ2φ+ a2φD
t∂tφ
)
, (7.31)
where
a1 = − 2
(∆− + 2)(∆− − 1− η)−M2 ; a2 = −
2(1 + η)
(∆− + 2(1 + η))(∆− + η − 1) . (7.32)
The renormalized one point function for the dual operator is then
〈O∆〉 ≡ δIren
δφ(0)
= (D + 1 + η − 2∆−)φ˜(0); (7.33)
there are no local contributions for these generic values of M and the expression is written
in a form that is appropriate for all dimensions D (see [31]). Note that this expression
coincides with that given in [49] in the limit that η = 0. Extracting the appropriate term
from the expansion of the exact regular solution (7.6) gives a two point function which is
〈O∆(ω, k)O∆(−ω,−k)〉 = −
√
(D + 1 + η)2 + 4M2ω
1
2
√
(D+1+η)2+4M2 (7.34)
Γ(−12
√
(D + 1 + η)2 + 4M2)
Γ(12
√
(D + 1 + η)2 + 4M2)
Γ( k
2
4ω +
1
2 +
1
4
√
(D + 1 + η)2 + 4M2)
Γ( k
2
4ω +
1
2 − 14
√
(D + 1 + η)2 + 4M2)
.
Restricting to the case of η = 2, D = 2, which was given [28], one sees that the overall
normalization is different. This was to be expected: in the AdS case it is well-known
that the prescription of [42] gives the wrong normalization, except for operators dual to
massless fields. In all other cases, the counterterms needed to render the action finite also
give contributions to the renormalized correlation functions, see [49]. Without carrying out
systematic holographic renormalization, one will obtain inconsistent normalizations, and
the expected Ward identities will not be satisfied. Moreover, as was demonstrated in [47,
48, 49], once one moves away from the scale invariant point to consider RG flows, correlators
obtained by inconsistent subtraction schemes give not just inconsistent normalizations but
qualitatively incorrect physics.
The renormalized one point functions derived here for scalars in a fixed background
suffice to compute finite temperature correlation functions of the corresponding operators.
The fact that the divergences in this case are local, and can be removed by local countert-
erms, indeed provides supporting structural evidence for the duality. A much stronger test,
however, will be provided by carrying out the same procedure in the full non-linear system
involving the metric and matter fields and will be developed in [31].
27
Acknowledgments
The author is supported by NWO, via the Vidi grant “Holography, duality and time de-
pendence in string theory”. This work was also supported in part by the EU contract
MRTN-CT-2004-512194.
References
[1] Y. Nishida and D. T. Son, “Nonrelativistic conformal field theories,” Phys. Rev. D
76, 086004 (2007) [arXiv:0706.3746 [hep-th]]; “Quantum critical point in graphene
approached in the limit of infinitely strong Coulomb interaction,” arXiv:cond-
mat/0701501; D. T. Son, “Toward an AdS/cold atoms correspondence: a geomet-
ric realization of the Schroedinger symmetry,” Phys. Rev. D 78, 046003 (2008)
[arXiv:0804.3972 [hep-th]].
[2] K. Balasubramanian and J. McGreevy, “Gravity duals for non-relativistic CFTs,”
Phys. Rev. Lett. 101, 061601 (2008) [arXiv:0804.4053 [hep-th]].
[3] W. D. Goldberger, “AdS/CFT duality for non-relativistic field theory,”
arXiv:0806.2867 [hep-th].
[4] J. L. B. Barbon and C. A. Fuertes, “On the spectrum of nonrelativistic AdS/CFT,”
JHEP 0809, 030 (2008) [arXiv:0806.3244 [hep-th]].
[5] M. Sakaguchi and K. Yoshida, “More super Schrodinger algebras from psu(2,2—4),”
JHEP 0808, 049 (2008) [arXiv:0806.3612 [hep-th]].
[6] W. Y. Wen, “AdS/NRCFT for the (super) Calogero model,” arXiv:0807.0633 [hep-th].
[7] C. P. Herzog, M. Rangamani and S. F. Ross, “Heating up Galilean holography,”
arXiv:0807.1099 [hep-th].
[8] A. Adams, K. Balasubramanian and J. McGreevy, “Hot Spacetimes for Cold Atoms,”
arXiv:0807.1111 [hep-th].
[9] J. Maldacena, D. Martelli and Y. Tachikawa, “Comments on string theory backgrounds
with non-relativistic conformal symmetry,” JHEP 0810, 072 (2008) [arXiv:0807.1100
[hep-th]].
[10] Y. Nakayama, “Index for Non-relativistic Superconformal Field Theories,” JHEP 0810,
083 (2008) [arXiv:0807.3344 [hep-th]].
28
[11] J. W. Chen and W. Y. Wen, “Shear Viscosity of a Non-Relativistic Conformal Gas in
Two Dimensions,” arXiv:0808.0399 [hep-th].
[12] D. Minic and M. Pleimling, “Non-relativistic AdS/CFT and Aging/Gravity Duality,”
arXiv:0807.3665 [cond-mat.stat-mech].
[13] S. S. Pal, “Null Melvin Twist to Sakai-Sugimoto model,” arXiv:0808.3042 [hep-th].
[14] A. V. Galajinsky, “Remark on quantum mechanics with conformal Galilean symmetry,”
Phys. Rev. D 78, 087701 (2008) [arXiv:0808.1553 [hep-th]].
[15] P. Kovtun and D. Nickel, “Black holes and non-relativistic quantum systems,”
arXiv:0809.2020 [hep-th].
[16] C. Duval, M. Hassaine and P. A. Horvathy, “The geometry of Schro´dinger symmetry
in gravity background/non-relativistic CFT,” arXiv:0809.3128 [hep-th].
[17] S. S. Lee, “A Non-Fermi Liquid from a Charged Black Hole: A Critical Fermi Ball,”
arXiv:0809.3402 [hep-th].
[18] D. Yamada, “Thermodynamics of Black Holes in Schroedinger Space,” arXiv:0809.4928
[hep-th].
[19] M. Sakaguchi and K. Yoshida, “Super Schrodinger in Super Conformal,”
arXiv:0805.2661 [hep-th].
[20] Y. Nakayama, S. Ryu, M. Sakaguchi and K. Yoshida, “A family of super Schrodinger
invariant Chern-Simons matter systems,” arXiv:0811.2461 [hep-th].
[21] F. L. Lin and S. Y. Wu, “Non-relativistic Holography and Singular Black Hole,”
arXiv:0810.0227 [hep-th].
[22] S. A. Hartnoll and K. Yoshida, “Families of IIB duals for nonrelativistic CFTs,”
arXiv:0810.0298 [hep-th].
[23] M. Schvellinger, “Kerr-AdS black holes and non-relativistic conformal QM theories in
diverse dimensions,” arXiv:0810.3011 [hep-th].
[24] L. Mazzucato, Y. Oz and S. Theisen, “Non-relativistic Branes,” arXiv:0810.3673 [hep-
th].
[25] M. Rangamani, S. F. Ross, D. T. Son and E. G. Thompson, “Conformal non-relativistic
hydrodynamics from gravity,” arXiv:0811.2049 [hep-th].
29
[26] A. Akhavan, M. Alishahiha, A. Davody and A. Vahedi, “Non-relativistic CFT and
Semi-classical Strings,” arXiv:0811.3067 [hep-th].
[27] P. Ghaemi, A. Vishwanath and T. Senthil, ”Finite temperature properties of quan-
tum Lifshitz transitions between valence bond solid phases: An example of ”local”
quantum criticality,” Phys. Rev. B72 (2005) 024420; S. Sachdev and T. Senthil, ”Zero
temperature phase transitions in quantum Heisenberg ferromagnets,” Ann. Phys. 251
(1996) 76; K. Yang, ”Ferromagnetic Transition in One-Dimensional Itinerant Electron
Systems,” Phys. Rev. Lett. 93 (2004) 066401; M. Freedman, C. Nayak, and K. Shten-
gel, ”A Line of Critical Points in 2+1 Dimensions: Quantum Critical Loop Gases and
Non-Abelian Gauge Theory,” Phys. Rev. Lett. 94 (2005) 147205.
[28] S. Kachru, X. Liu and M. Mulligan, “Gravity Duals of Lifshitz-like Fixed Points,”
arXiv:0808.1725 [hep-th].
[29] S. Sekhar Pal, “Towards Gravity solutions of AdS/CMT,” arXiv:0808.3232 [hep-th].
[30] S. Pal, “More gravity solutions of AdS/CMT,” arXiv:0809.1756 [hep-th].
[31] M. Taylor, ”Non-relativistic holographic renormalization,” to appear.
[32] A. Adams, A. Maloney, A. Sinha and S. E. Vazquez, “1/N Effects in Non-Relativistic
Gauge-Gravity Duality,” arXiv:0812.0166 [hep-th].
[33] P. Horava, “Quantum Criticality and Yang-Mills Gauge Theory,” arXiv:0811.2217 [hep-
th].
[34] E. Witten, “Anti-de Sitter space, thermal phase transition, and confinement in gauge
theories,” Adv. Theor. Math. Phys. 2, 505 (1998) [arXiv:hep-th/9803131].
[35] E. D’Hoker and D. Z. Freedman, “Supersymmetric gauge theories and the AdS/CFT
correspondence,” arXiv:hep-th/0201253.
[36] H. J. Kim, L. J. Romans and P. van Nieuwenhuizen, “The Mass Spectrum Of Chiral
N=2 D=10 Supergravity On S**5,” Phys. Rev. D 32, 389 (1985).
[37] M. Henkel and J. Unterberger, “Supersymmetric extensions of Schrodinger-invariance,”
Nucl. Phys. B 746, 155 (2006) [arXiv:math-ph/0512024].
[38] M. Leblanc, G. Lozano and H. Min, “Extended superconformal Galilean symmetry in
Chern-Simons matter systems,” Annals Phys. 219, 328 (1992) [arXiv:hep-th/9206039].
30
[39] C. Duval and P. A. Horvathy, “On Schrodinger superalgebras,” J. Math. Phys. 35,
2516 (1994) [arXiv:hep-th/0508079].
[40] J. P. Gauntlett, J. B. Gutowski, C. M. Hull, S. Pakis and H. S. Reall, “All supersym-
metric solutions of minimal supergravity in five dimensions,” Class. Quant. Grav. 20
(2003) 4587 [arXiv:hep-th/0209114].
[41] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge theory correlators from
non-critical string theory,” Phys. Lett. B 428, 105 (1998) [arXiv:hep-th/9802109].
[42] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2, 253
(1998) [arXiv:hep-th/9802150].
[43] M. Henningson and K. Skenderis, “The holographic Weyl anomaly,” JHEP 9807, 023
(1998) [arXiv:hep-th/9806087]; “Holography and the Weyl anomaly,” Fortsch. Phys.
48, 125 (2000) [arXiv:hep-th/9812032].
[44] V. Balasubramanian and P. Kraus, “A stress tensor for anti-de Sitter gravity,” Com-
mun. Math. Phys. 208, 413 (1999) [arXiv:hep-th/9902121].
[45] S. de Haro, S. N. Solodukhin and K. Skenderis, “Holographic reconstruction of space-
time and renormalization in the AdS/CFT correspondence,” Commun. Math. Phys.
217, 595 (2001) [arXiv:hep-th/0002230].
[46] K. Skenderis, “Asymptotically anti-de Sitter spacetimes and their stress energy tensor,”
Int. J. Mod. Phys. A 16, 740 (2001) [arXiv:hep-th/0010138].
[47] M. Bianchi, D. Z. Freedman and K. Skenderis, “How to go with an RG flow,” JHEP
0108, 041 (2001) [arXiv:hep-th/0105276].
[48] M. Bianchi, D. Z. Freedman and K. Skenderis, “Holographic renormalization,” Nucl.
Phys. B 631, 159 (2002) [arXiv:hep-th/0112119].
[49] K. Skenderis, “Lecture notes on holographic renormalization,” Class. Quant. Grav. 19
(2002) 5849 [arXiv:hep-th/0209067].
[50] R. Britto-Pacumio, A. Strominger and A. Volovich, “Holography for coset spaces,”
JHEP 9911, 013 (1999) [arXiv:hep-th/9905211].
[51] M. Taylor, “Holography for degenerate boundaries,” arXiv:hep-th/0001177.
31
[52] I. Papadimitriou and K. Skenderis, “AdS / CFT correspondence and geometry,”
arXiv:hep-th/0404176.
[53] I. Papadimitriou and K. Skenderis, “Correlation functions in holographic RG flows,”
JHEP 0410 (2004) 075 [arXiv:hep-th/0407071].
32
